Certain lattices with specific geometries have one or more spectral bands that are strictly flat, i.e. the electron energy is independent of the momentum. This can occur robustly irrespective of the specific couplings between the lattices sites due to the lattice symmetry, or it can result from fine-tuned couplings between the lattice sites. While the theoretical picture behind flat electronic bands is well-developed, experimental realization of these lattices has proven challenging.
INTRODUCTION
There has been a surge of interest in systems exhibiting flat electronic bands, i.e. structures where one (or more) of the bands are completely dispersionless throughout the Brillouin zone 1-4 . Flat band (FB) systems have existed as theoretical proposals already for a long time 5-11 , but only now systems exhibiting such response can be fabricated and studied experimentally. The quenched kinetic energy in a flat band (FB) causes localization, the wave group velocity goes to zero. The zero kinetic energy also means that any other energy scale can be the dominant one: flat bands are not stable against perturbations and even weak interactions can induce the formation of broken symmetry ground states, such as ferromagnetism 6,10-12 , Wigner crystals 13 , superconductivity 14-17 , or fractional quantum Hall, quantum anomalous Hall, and fractional Chern insulator states 18-21 . In addition, the extremely high density of states of the flat band can enhance the transition temperature to, e.g., the superconducting phase 14 . In addition to the theoretical proposals, flat bands have also been realized experimentally in optical systems and ultracold atomic gases 22-27 , in electronic systems arising in real materials (notably twisted bilayer graphene) 4,28-30 , and recently, in artificial materials fabricated through atom manipulation with the scanning tunneling microscope (STM) [31] [32] [33] . The artificial systems are extremely interesting, as they allow complete tuneability of the lattice symmetry and intentional introduction of additional effects, such as defects or disorder. The systems that have been demonstrated are based on the two-dimensional Lieb lattice 6,31,32 , where the flat band results from the lattice symmetry.
However, it is only completely dispersionless if the next-nearest neighbour (NNN) hoppings are negligible, which is unlikely in a condensed-matter system 31, 32 .
In addition to the iconic 2D Lieb lattice, there are several text-book examples of 1D systems that exhibit flat bands: diamond, cross and stub chains (see Fig. 1 ) [34] [35] [36] . These are all examples of systems where the flat bands stem from the local lattice symmetry rather than requiring fine-tuning of the various couplings between the lattice sites. This ensures the existence of one (or a few) completely dispersionless bands in the spectrum and relies on the existence of compact localized eigenstates due to destructive interference, enabled by the local symmetries of the network 37,38 . These compact localized eigenstates can be engineered, i.e. it is possible to design systems exhibiting flat bands in 1D, 2D, or 3D 1,34,36,39,40 . While it is not a priori clear if the NNN interactions cause the flat band to become dispersive, it is 2 possible to incorporate this into the design principles in 1D to ensure robustness of the flat bands 36 .
Currently, there is theoretical progress towards incorporating and studying additional effects, such as topological flat band systems, effects of interactions and disorder or fractal-like geometries 18-21,41-43 . However, there is a need for a flexible experimental platform where the various design principles can be tested, verified and eventually exploited. While the platforms based on photonic and optical lattices are tuneable and extremely well-controlled 22-27 , it would be of interest to be able to demonstrate these effects in an electronic system that can be precisely controlled. Artificial lattices based on atom manipulation by the tip of an STM have emerged as highly tuneable system for studying the effect of the lattice symmetry and couplings on the resulting band structure 31-33, [44] [45] [46] . Here, we will use the chlorine vacancy system on Cu(100) 31,47-49 for constructing various 1D lattices with engineered flat bands. We will focus experimentally on the effects of the NNN hoppings to test the robustness of the engineered bands, how to engineer both gapped and metallic flat-band systems, and to demonstrate how by breaking the symmetry of the chain geometry, we can control the dispersion of the flat bands. These result constitute the first experimental realizations of engineered flat bands in a 1D solid-state system and pave the way towards the construction of e.g. topological flat band systems and experimental tests of flat-band-assisted superconductivity in a fully controlled system 42,50-52 .
RESULTS
In order to illustrate the ideas on how to construct flat bands, consider the 1D cross lattice shown in Fig. 1A . The calculated band structures of this system using a nearest-and NNN tight-binding (TB) models are shown in Fig. 1B with the hoppings that correspond to the experimentally determined values (see below). Only including the NN hoppings (black arrows in Fig. 1A ) results in a band structure with a doubly degenerate flat band at the mid-gap energy between two dispersive bands (dashed line in Fig. 1B ). The flat band in this structure appears as a solution where the single-particle wave function is zero at the connecting sites of the lattice, making it impossible to have transport through the lattice.
Specifically, this corresponds to having zero wavefunction intensity on site 3 in the unit cell of the cross lattice. Turning on NNN hoppings can cause the flat band to acquire dispersion; are included, it is necessary to have zero intensity on these two sites to completely block transport through the unit cell.
Other typical 1D flat-band systems include the diamond (Fig. 1C ) and stub lattices ( Fig. 1D ). If we include only the nearest-neighbour hoppings, all of the above systems host flat bands that are pinned to the on-site energy. These lattices are typical examples of systems with flat bands: we can recognize that they all are bipartite lattices with sites with different connectivities 1 . For example in the case of the diamond lattice, it has "rim" sites which only have two nearest neighbours and "hub" sites that four nearest neighbours. In addition to the flat band, the diamond lattice has Dirac-like bands that touch at the edge of the 1D Brillouin zone. The cross and the stub chain have gapped spectra with the flat band at the mid gap energy. Turning on NNN hoppings (absent in the diamond chain) can cause the flat band to acquire dispersion. This is what happens in the stub chain ( Fig. 1D) , while in the cross chain, as discussed above, only one of the flat bands becomes dispersive As we discussed earlier, the flat bands may not survive when NNN hoppings are taken into account. For example, this causes the cross chain to only have one flat band. The number of dispersionless bands of a given lattice depends on the unit cell and specifically on 7 the arrangement of the lattice sites around the connector sites 36 . Therefore, by analyzing the specific geometry, it is possible to construct different lattices having more than one flat band in the presence of NNN interactions. For example, we can consider the chain geometry shown in Fig. 3A forming an extended diamond lattice structure. The calculated energy spectrum of this lattice is shown in the Fig. 3B . This extended diamond chain, unlike the diamond and cross lattice, has two flat bands at the energy ±0.14 eV (for the hopping values corresponding the experimental system, in general the flat band position is ±t away from the on-site energy). Fig. 3C shows the experimental realization of this extended diamond chain. As shown in the Fig. 3C (middle) , the dI/dV LDOS map acquired close to on-site energy (3.50 V) depicts that the middle dispersive band is localized on the connector sites.
On the other hand, the flat bands are localized on the miniarrays sites as shown in the dI/dV LDOS map taken at 3.38V energy (see Fig. 3C (down) ). The flat band has zero wavefunction intensity on the connector sites, but again, due to the energy broadening in the experimental system, we pick some intensity from the (top and bottom) dispersive bands that have wavefunction intensity on all lattice sites.
As the possible presence of flat bands depends on the geometry of the lattice 39 , it is possible to turn on/off the flat bands by maintaining/breaking the mirror symmetry of chain. For example, consider the diamond lattice (see Fig. 2A ) having a flat band at the on-site energy. Now, if we break the symmetry by adding extra sites on one side of the diamond chain as shown in the Fig. 4A ,B, the calculated energy spectrum (see the Fig. 4A) shows that flat band splits into two dispersive bands. Fig. 4B shows the dI/dV LDOS map of dispersive bands acquired below and at the on-site energy, respectively. Again, it is possible to regain the symmetry by adding the same number of extra sites on the other side of the asymmetric chain which results in three completely flat bands along with the two dispersive bands as shown in the Fig. 4C . The experimental dI/dV LDOS maps acquired at bias voltages of 3.14 V and 3.5 V shown in the Fig. 4D show that the lower energy flat band is localized on the added sites, while the flat band at the on-site energy sits on the center row of the chain, which is in-line with the simulated LDOS maps. The flat bands formed in this modified diamond chain are formed by having zero wavefunction amplitude at different connecting lattice sites. This is illustrated in the inset of Fig. 4C , where the red symbols indicate which sites have zero wavefunction intensity. This is directly reflected (with some additional energy broadening) in the experimental dI/dV maps shown in Fig. 4D . The Simulated local density of states (LDOS) maps at an energy 0 are drawn according to:
where j is the eigenstate index, N is the total number of vacancy sites in the system, j
and v( j ) are the energy and eigenvector corresponding to the j th eigenvalue, (x i , y i ) the position of the i th vacancy, Γ is a phenomenological spatial broadening, and ∆ the energy broadening.
To obtain a simulated LDOS contour, for each eigenvalue, a two-dimensional Gaussian contour is placed at each vacancy site and scaled by the eigenvector entry corresponding to that site at a given eigenvalue. The complete map for that eigenvalue is squared and weighted with a lorentzian according to difference between its eigenenergy and the energy of interest. The complete map is then the sum over all these constituents.
Good agreement with the experimental data is reached for ∆ = 0.18 ± 0.01 eV and Γ = 0.71 a, where a is the lattice constant of the c(2 × 2)-Cl structure. 
Section S3. EFFECT OF THE NNN HOPPINGS ON THE CROSS LATTICE
In the case of the cross lattice, we cannot avoid NNN hoppings in our experimental system. Considering only the nearest-neighbor hoppings, the flat-band has zero intensity on the hub sites (site 3 in Fig. 1A in the main text). If we include NNN interactions, then also the bridge site 1 has to have zero intensity to cause electron localization. In order to compare these observations with the experimental results, we simulate LDOS maps with finite energy broadening (∆ = 0.18 eV) at the energies of the flat and dispersive bands with and without NNN hoppings (Fig. S3A,B) . In both cases, the flat band has highest LDOS intensity on the rim sites (sites 2 and 4, see 
Section S4. ADDITIONAL EXPERIMENTAL RESULT ON 1D STUB WIRES
In addition to the cross and diamond flat band lattices, we have also fabricated 1D stub lattice and characterised its electronic structure using dI/dV spectroscopy and mapping. 
